etc., points of a by {, 7, ..., etc. Furthermore we define homeomorphisms of a o'nto A-1(p) by Qa,p() QP = Q ) P Ua, e .
Also we define, for each Ua, a complex analytic mapping Aa of A-'(U.) onto a by Aa(P) = Q (P) where p = A(P).
The mapping Up,p followed by U`gives a complex analytic homeomorphism of a onto itself; we call this transformation 0"(p) = -azoluo'o.
We also assume that, among these mappings, the following relations are satisfied:
I. Of(A(Q)).A,(Q) = Aa(Q), A(Q) e Ua n U,.
AQa( )=
In addition to these relations, it follows from the very definition that VI.
:(P) e, (P) = et(p). (5(1, n) . We choose our system of coordinates so that the point from which we make our projection each time does not lie on the image of 91 in that @5(1, k) (k = n, n -1, . . ., 1). By introducing a factor (1 -t) (t going from 0 to 1), in front of the coordinates set equal to zero to effect the projection, we can actually get a complex homotopy of the mapping Iu into Xvni, thence into Xn-,AXn$u and VOL. 38, 1952 so on until finally to i = XI ... n Thus we have shown:
THEOREM IV. The bundle B, arising from the mapping ,u: T --@(1, n) is equivalent to a bundle Q, arising from a mapping v of ? into the complex projective plane S2, V: 9 --S2. We have only to remark that 05(1, 0) = S2 and that the v being complex homotopic to I,u the bundles Q% and Q3, are equivalent.
The problem of determining the complex homotopy classes is reduced still further by the next theorem. THEOREM V. Let u and v be analytic mappings of 9? into S2, then if , and v are homotopic they are complex homotopic.
To prove this we first note that an analytic image of 9 in S2 is either a point or an irreducible algebraic curve (this follows since 9? is a closed Riemann surface). If the image under ,s is a point then the image under v must also be a point, since no algebraic curve is homotopic to a point in S2; in this case there is nothing to prove. Let us denote the algebraic curve which is the image of 9? under ,u by C1 and the image under v by C2, let k and m denote their respective degrees. Let S1 be a fixed projective line of S2 and let y6 be a projection of C1 and C2 onto S1 (from some point not on Si, C1, or C2). Then 4,IA and IL" are mappings of 9? onto SI (topologically a 2-sphere) of topological degrees k and m, respectively. Since ,u is homotopic to v we have 4t' is homotopic to 4,ih, hence k = m. Thus C1 and C2 are two algebraic curves of the same degree k. Now let S* denote the k(k + 3)/2 dimensional projective space of all curves of degree k in S2. Those algebraic curves of S2 which are birationally equivalent to C1 and of the same degree form a connected subvariety V of S*. We draw a path on V from the point which represents C1 to the point which represents C2; this provides the complex homotopy.2
We now observe that Theorem V allows us to give an analog of Theorem 5 of Sp.B. THEOREM VI. If Q%,, and Q3, are two regular line bundles over 9 arising from analytic mappings ,u and v of 9? into S2, and if Q3. and QB, are equivalent then v and ,u are complex homotopic.
We prove this theorem by using the fact that a complex fiber bundle is a fiber bundle, an analogous procedure to that of Theorem 5 of Sp.B., and the methods of the preceeding theorem. Thus we have established a 1-1 correspondence between the regular line bundles over 9 and the homotopy classes of analytic mappings of 9 into S2.
As an application of these ideas let us classify the regular projective line bundles over the projective line. Each analytic image in S2 is a rational curve of some degree, say k. Now there is a rational curve of each positive degree 1, 2, 3, ... and we can include a point as one of degree 0. The homotopy class of each rational curve is an element of wr2(S2). Also a rational curve of degree k is homologous to k times a projective line in S2, and this projective line will represent the basic homology class of H2(S2). The natural isomorphism between H2(S2) and wr2(S2) shows that there is a rational curve in each "non-negative" element of 7r2(S2), i.e., classes of orientation preserving mappings. Thus the bundles corresponding to the curves Xk -X2X3k-l = O together with the product bundle SI X Si give a complete classification of regular projective line bundles over the projective line. The bundle spaces of these bundles have already been discussed in an interesting paper by F. Hirzebruch.3 THEOREM VII. The bundle space of the line bundle arising from Xi' -X2X3 -l1= 0 is the Hirzebruch variety M..n
The reader of Sp.B. will easily discern my indebtedness to that paper.
